We describe the one-dimensional SASE FEL instability using the wake approach. First, we obtain an expression for the longitudinal I-D wake in a helical undulator. We then show that taking into account the retardation effect in the Vlasov equation with the proper wake leads to the correct result for the FEL instability, in agreement with the traditional theory.
INTRODUCTION
Coherent instabilities arise when the electromagnetic field produced by an electron beam, interacts with the environment, generating new fields which act back on the electrons. It is conventional to describe such phenomena by using the Vlasov equation, with the electromagnetic forces represented by a wakefield [I] . In the high-gain free-electron laser (FEL), the radiation emitted by an electron beam passing thmugh a long undulator acts back on the electrons. This interaction is often described using the Vlasov-Maxwell equations [241. In this paper, we discuss the FEL using the wakefield approach and emphasize the necessity of including the effects of retardation [SI.
WAKE IN THE UNDULATOR
Consider a helical undulator with the undulator parameter K. A heam of density no (per cubic cm) and relativistic factory propagates along the axis of the undulator. The transverse velocity VJ. of a particle in the undulatoris equal to (1) VJ. = VL (e. cos k,s + ey sin k,s) , where K 2 1 1 = cwith k, = 2n/X,, A, the undulatorperiod, e, and ey the unit vectors in x and y directions, respectively, and s the distance along the undulator. The longitudinal velocity of theparticlein theundulatorisv, e[1-(1+K2)/(2yZ)]. corresponding to the longitudinal gamma-factor -, z
'
To derive a wake in I-D theory we consider an infinitely thin sheet of electrons in the x -y plane with the charge 0-7803-7738-9/03/$17.00 Q 2003 IEEE 3225 density a per unit m a . The longitudinal position of thb sheet is s = u,t. Due to the transverse motion, the sheet radiates electromagnetic field. To find the radiation field, we first calculate it in the beam frame. In this frame, the sheet rotates with the frequency yxw,. where w, = ck,, and its transverse velocity is 61 = y Z v l [e. cos(r+~,t) + e,sin(y,w,t)] , (2) where the hat indicates variables in the beam frame. The. sheet radiates two circularly polarized plane electromagnetic wave-ne in the direction of the beam propagation, and the other in the opposite direction-with equal amplitudes and the frequency yzww. From the symmetry of the problem, the directions of the magnetic field vector in these waves at the location of the sheet (s = v,t) are opposite. To find the amplitude of the magnetic field, we use Ampere's law: 
E ( s , t ) = -Eo[e,cos(wo(t -s i c ) )
+ e,sin(wa(t -s i c ) ) ] .
(4)
The magnetic.and electric fields in the backward wave, in the limit y. > 1, are much smaller than Ho, and we neglect them below in the calculation of the wake.
To calculate the longitudinal wake, we consider a test sheet of panicles, with a unit charge per unit area, moving in front of the source sheet in the undulator, at distance L.
with the same velocity given by Eq. (I). For 
Indeed, the wake that is generated at coordinate 2 ' moves relative to the beam with the velocity c-uz, and if it reaches the point ; at time t , it should have been emtted at position -u.) . Taking into account that in the undulator 1+KZ
(10)
we obtain
It is convenient to introduce new variables: = k,s and 8 = ~~z / w~ and consider f as a function of 5 and 8. We
This wake is localized in front of the sheet because the radiated wave overtakes the particles. Positive wake corresponds to the energy loss, and negative wake means an energy gain. Note that the wake is a function of two variables:
the distance z between the source and the test sheets, and the current positions of the source. is the spontaneous radiation emitted per unit area per unit length of path. It is interesting to note, that usually in accelerators the longitudinal wake is associated with the longitudinal component of the electric field E,, with the energy gain for the test panicle given by eE,u,. In undulator, as expressed by Eq. (3, the work is done by the transverse component of the electric field coupled with the wiggling motion of the particle.
The product
VLASOV EQUATION
Having derived the longitudinal wake, we can now apply the standard formalism of accelerator theory to describe dy- 
